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Abstract
An antiferromagnetically exchange-coupled dimer of single molecule magnets which possesses a
large spin tunneling has been investigated. For this system the ground and first excited states
are entangled states and the Hamiltonian is effectively similar to that of a two-state system at
2sth order in perturbation theory, thus this system can be mapped to an entangled pseudospin
1/2 particles. We study the effects of interaction and rotation of this system about its staggered
easy-axis direction . The corresponding Hamiltonian of a rotated two-state entangled spin system
is derived with its exact low-energy eigenstates and eigenvalues. We briefly discuss the effect of a
dissipative environment on this rotated two-state system.
PACS numbers: 75.45.+j, 75.50.Xx, 33.20.Sn, 85.65.+h
Introduction- Macroscopic quantum tunneling and co-
herence of a single, molecular, magnetic large spin sys-
tem ( such as Mn12 and Fe8) have been the subject of
interest for decades1,2. These systems are composed of
several molecular magnetic ions, whose spins are coupled
by intermolecular interactions giving rise to an effective
single large spin. Their tunneling behaviour as well as
quenching of tunneling have been studied extensively by
spin coherent state path integral formalism1–5 and exper-
imental method6. In its simplest form, the Hamiltonian
is comprised of two terms, one term Hˆ‖, which commutes
with the z-component of the spin and the other term Hˆ⊥,
which does not commute with the z-component of the
spin is responsible for the tunneling splitting between
the two degenerate ground states | ±s〉 of Hˆ‖. Due to
tunneling, the ground and the first-exited states become
the symmetric and antisymmetric linear superpositions of
| ±s〉. In recent years, the problem of a molecular magnet
which is free to rotate about the easy axis has attracted
considerable attention. This problem involves the con-
servation of the total angular momentum due the fact
that the rotating nanomagnet couples to its mechanical
motion in an equal and opposite directions. It has been
studied experimentally for free magnetic clusters7,8 and
magnetic microresonators9,10. A theoretical study has
also been investigated11,13, which shows that the cou-
pling of the mechanical motion and the spin renormal-
izes the magnetic anisotropy and increases the tunneling
splitting.
The tunneling phenomenon of nanomagnet is not re-
stricted to single molecule magnets (SMMs). In many
cases of physical interest, interactions between two large
spins are taken into account. These interactions can
be either ferromagnetic, which aligns the neighbouring
spins or antiferromagnetic, which anti-aligns the neigh-
bouring spins. One physical system in which these
interactions occur is the dimerized molecular magnet
[Mn4]2. This system comprises two Mn4 SMMs of equal
spins s1 = s2 = 9/2, which are coupled antiferromag-
netically. The phenomenon of quantum tunneling of
spins in this system has been be studied both numer-
ically and experimentally14,15. A theoretical study via
spin coherent state path integral formalism has been re-
ported recently18 and perturbation theory has also been
investigated16,17. In this case the situation is quite dif-
ferent from that of SMMs in that quantum tunneling is
achieved via entangled antiferromagnetic states. For a
free antiferromagnetically exchange-coupled dimer, it is
interesting to ask how does the spins couple with the
mechanical motion of the system, what is the effective
two-state system and what is the effect of a dissipative
environment on such rotating particles. These questions
are yet an unsolved problem. We will try to address them
in this paper.
Tunneling of antiferromagnetically exchange-coupled
dimer, two-state system and dissipative environment -
In this section we will briefly review the model of anti-
ferromagnetically exchange-coupled dimer of SMMs with
large equal spins, and its tunneling effect. For this sys-
tem, the simplest form of the Hamiltonian in the absence
of an external magnetic field can be written as
Hˆ = −D(Sˆ21,z + Sˆ22,z) + J Sˆ1 · Sˆ2 = Hˆ0 + Hˆint (1)
where J > 0 is the antiferromagnetic exchange cou-
pling, J < 0 is the ferromagnetic exchange coupling
and D  J > 0 is the easy-axis anisotropy constant,
Si,z, i = 1, 2 is the projection of the component of the
spin along the z easy-axis. It has been demonstrated
by density-functional theory21 that this simple model
can reproduce experimental results in [Mn4]2 dimer with
D = 0.58K and J = 0.27K . For spin 1/2, this model
can be used to model a two-qubit of quantum dots in-
teracting via a tunneling junction. It also plays a crucial
role in quantum CNOT gates and SWAP gates19. The
total z-component of the spins Sz = S1,z + S2,z is a con-
served quantity, thus the Hamiltonian is invariant under
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2rotation about this direction. However, the individual z-
component spins S1,z,S2,z and the staggered configura-
tion S1,z−S2,z are not conserved. In the absence of Hˆint,
the Hamiltonian is four-fold degenerate corresponding to
the states where the individual spins are in their highest
weight or lowest weight states, | ↑, ↑〉, | ↓, ↓〉, | ↑, ↓〉, | ↓, ↑〉,
where |↑, ↓ 〉 =|↑ 〉⊗ |↓ 〉 ≡| s,−s〉 etc, with the ex-
change interaction term J , the two ferromagnetic states
|↑, ↑ 〉 and |↓, ↓ 〉 are still degenerate but the antiferro-
magnetic states |↑, ↓ 〉 and |↓, ↑ 〉 are not. Perturbation
theory16,17, spin coherent state path integral formalism
and effective potential mapping18 showed that these two
antiferromagnetic states are linked to each other at 2sth
order in Hˆint, that is J 2s. Thus, these two states reorga-
nize into symmetric and antisymmetric linear superposi-
tion. The quantum spin Hamiltonian at 2sth order can
then be written effectively as
Hˆψ± = E±ψ±, ∆ = E+ − E− ∼
( |J |
4D
)2s
(2)
where
ψ− =
1√
2
(|↑, ↓ 〉− |↓, ↑ 〉) , (3)
ψ+ =
1√
2
(|↑, ↓ 〉+ |↓, ↑ 〉) ,
FIG. 1: Sketch of the potential energy with a barrier. The
two antiferromagnetic states |↑, ↓ 〉 and |↓, ↑ 〉 are localized at
the left and the right minimum of the potential, due to tunnel-
ing these states reorganize into antisymmteric and symmetric
combination with an energy splitting separating them.
The ground state corresponds to the maximally entan-
gled antisymmetric combination while the first excited
state corresponds to the maximally entangled symmetric
combination for half-odd integer spins. For integer spins
these roles are reversed. In quantum computing termi-
nology for spin 1/2 particles, these energy eigenstates
are entangled states which play a decisive role in quan-
tum information processes, such as quantum teleporta-
tion and quantum register. There are equal probabilities
of measuring either |↓, ↑ 〉 or |↑, ↓ 〉, that is 1/2. The
eigenvalue equation, Eq.(2) is effectively similar to that
of a two-state system, thus this system can be mapped
to an entangled pseudospin 1/2 particles whose motion
is restricted to the subspace of the total Hilbert space. A
convenient way of doing this mapping is by constructing
the components of a matrix operator with the two-qubit
states |↓, ↑ 〉 and |↑, ↓ 〉 as
αˆx =|↑, ↓ 〉〈 ↓, ↑| + |↓, ↑ 〉〈 ↑, ↓|
αˆy = −i |↑, ↓ 〉〈 ↓, ↑| +i |↓, ↑ 〉〈 ↑, ↓| (4)
αˆz =|↑, ↓ 〉〈 ↑, ↓| − |↓, ↑ 〉〈 ↓, ↑|
Iˆ =|↑, ↓ 〉〈 ↑, ↓| + |↓, ↑ 〉〈 ↓, ↑|
These matrices are entangled since they cannot be
separated as αˆ1,x ⊗ αˆ2,x, etc. It is noted that in
the two-qubit form they satisfy the usual commutation
and anti-commutation relations [αˆk, αˆj ] = 2iijkαˆk and
{αˆk, αˆj} = 2δij . In the matrix representation they are
4 × 4 sparse matrices which are not Pauli matrices but
their subspace contains the usual 2 × 2 Pauli matrices.
The Hamiltonian Hˆ can now be projected unto the two
qubit states |↓, ↑ 〉 and |↑, ↓ 〉:
Hˆα =
∑
m,n=±s
| m,−m〉Hˆmn〈n,−n | (5)
where Hˆmn = 〈m,−m|Hˆ|n,−n〉. Using Eqns.(2) and (3),
the matrix elements are found to be
〈↓, ↑ |Hˆ| ↓, ↑〉 = 〈↑, ↓ |Hˆ| ↑, ↓〉 = 0
〈↓, ↑ |Hˆ| ↑, ↓〉 = 〈↑, ↓ |Hˆ| ↓, ↑〉 = ∆/2 (6)
Thus the projected Hamiltonian becomes
Hˆα =
∆
2
αˆx (7)
with its eigenvalues given by {−∆/2,∆/2}. In many
cases of physical interest, the spin interacts with its en-
vironment which is usually modeled as a bath of bosons.
The environmental effect on the Hamiltonian, Eq.(7) is
written in the usual form20.
Hˆ =
∆
2
αˆx + I
∑
k
k bˆ
†
k bˆk + χSz = Hˆα + HˆB +Hint (8)
where Hˆα = ∆αˆx/2, HˆB =
∑
k k bˆ
†
k bˆk, Hint = χˆSˆz, χˆ =∑
k γk(bˆk+ bˆ
†
k), Sˆz = αˆz/2 and bˆ
†
k, bˆk are the annihilation
and creation operators of phonons with the wave number
k. In terms of the basis states, this Hamiltonian can be
written as
Hˆ = (|↑, ↓ 〉∆
2
〈 ↓, ↑| +h.c)+ |↓, ↑ 〉Kˆ−〈 ↓, ↑| + |↑, ↓ 〉Kˆ+〈 ↑, ↓|
(9)
where Kˆ± =
∑
k k bˆ
†
k bˆk ± χˆ. In the interaction picture
we can solve for the time-evolution of αˆz(t) using the
Heisenberg equation of motion with respect to Hˆα. The
resulting expression is given by
αˆz(t) = αˆz cos(∆t) + αˆy sin(∆t) (10)
3The coefficients of the trigonometric function are deter-
mined from the initial conditions at t = 0. The operator
from which all other observables can be calculated is the
reduced density operator. It is given by
ρˆ(t) = TrB
(
e−iHˆtρˆ(0)eiHˆt
)
(11)
where ρˆ(0) = ρˆα ⊗ ρˆB , where ρˆα acts on the spin space
and ρˆB = e−βHˆB/ZB is the density matrix of a free bo-
son. This system is exactly solvable in the limit ∆ → 0
(independent boson model). In this limit the bosonic
bath can be traced out in Eq.(11). The object of interest
in this model is usually the average values of the time
evolution of the observables αˆi, i = x, y, z. Using the in-
teracting picture formulation of quantum mechanics, we
have
〈Sˆ+(t)〉 = Trα
(
Uˆ ′(t, 0)ρ(0)Uˆ ′(0, t)S+(0)
)
(12)
where Sˆ+ = Sˆx + iSˆy, Uˆ ′(t, 0) = Te−i
∫ t
0
dtHˆ′(t) and
Hˆ ′(t) = eiHˆBtHˆinte−iHˆBt. A straight forward calcula-
tion of the trace yields
〈Sˆ+(t)〉 = C(t) 〈Sˆ+(0)〉 , (13)
with C(t) = 〈Te−i
∫ t
0
χˆ′(t)dt〉0 is the coherence factor be-
tween the states |↓, ↑ 〉 and |↑, ↓ 〉. By symmetry consid-
eration we have 〈Sˆ−(t)〉 = C(t) 〈Sˆ−〉 (0), hence
〈αˆx(t)〉 = C(t) 〈αˆx(0)〉 (14)
The evaluation of the equilibrium expectation value
with the use of Wicks theorem22 gives
C(t) = e−D(t), and |C(t)| = e−Re[D(t)] (15)
D(t) =
∑
k
γ2k
2k
[(1 + nB)(1− e−ikt) + nB(1− e−ikt)
− ikt], nB = (eβk − 1)−1 (16)
In the continuum limit we have
Re[D(t)] = 2
∫ ∞
0
d
J()
2
sin2
(
t
2
)
cot
(
β
2
)
(17)
where the spectral density function J() = Nd()γ()2 =
Kdγ20de−/c and Nd() is the d-dimensional density of
phonon modes. For d = 1, 2, 3 we have K1 = L/pics,
K2 = A/2pic2s and K3 = V/2pi2c3s, where L,A, V are the
length, area and volume of the system respectively, cs
is the speed of sound. In Fig.(2) we have plotted |C(t)|
for d = 1, 2, 3, with βc = 1. In the super-ohmic dis-
sipation, d = 2, 3, the coherence factor never decays to
zero while for the ohmic dissipation d = 1, the coherence
factor completely decays to zero for large times ct 1,
this is quite obvious from Eq.(17). For ∆ 6= 0, several
techniques have been developed to study this model. The
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FIG. 2: The plot of |C(t)| against time for ohmic d = 1
and super-hhimc d = 2, 3 dissipations. The function reaches
a maximum of one and decays to zero at long times for the
ohmic dissipation but it is never decays zero for the super-
ohmic dissipation.
most elaborate functional integral analysis can be found
in Ref.[20].
Suppose we apply a time varying staggered magnetic
field along the easy z axis on the exchange-coupled dimer
model, the Zeeman Hamiltonian is of the form HˆZ =
−h(t)(Sˆ1,z − Sˆ2,z) = −gµBh(Sˆ1,z − Sˆ2,z) cosωt , then
projecting unto the two-qubit states, Eq.(7) becomes
Hˆα =
∆
2
αˆx − 2sgµBhαˆz cosωt (18)
Transforming along the y-axis with the unitary operator
Uˆ(φ) = exp(−iφαˆy/2), φ = −pi/2 (19)
one obtains
Hˆα → Uˆ−1(φ)HˆαUˆ(φ) = −∆
2
αˆz − sgµBhαˆx cosωt (20)
The corresponding wave function of this system is given
by
| ψ(t)〉 = C↑,↓(t)e−iE+t |↑, ↓ 〉+ C↓,↑(t)e−iE−t |↓, ↑ 〉 (21)
with |C↑,↓(t)|2 + |C↓,↑(t)|2 = 1 and E± = ±∆/2. In the ro-
tating wave approximation23,25, the coefficients are given
by
C↑,↓(t) = e−i∆′t/2
[
cos
(
Ωt
2
)
+ i
∆′
Ω
sin
(
Ωt
2
)]
C↓,↑(t) = iei∆′t/2 ΩR
Ω
sin
(
Ωt
2
)
(22)
where
∆′ = ∆− ω, Ω =
√
Ω2R + ∆
′2 and ΩR = sgµBh
(23)
4Using these results the expectation values of the observ-
ables αi are
〈αˆx〉t =
ΩR∆
′
Ω2
(1− cos (Ωt)) (24)
〈αˆy〉t = −
ΩR
Ω
sin (Ωt) (25)
〈αˆz〉t =
∆′2
Ω2
+
Ω2R
Ω2
cos (Ωt) (26)
Rotation, interaction and environment- Rotation of a
nanomagnet about the easy-axis by an angle introduces
an additional coupling to the spin Hamiltonian due the
the mechanical motion of the system about the axis of
rotation11–13. This coupling involves the angular momen-
tum vectors of the rotating molecules24. In this section,
we will study the effect of rotating our model Hamilto-
nian about its easy-axis. In our simple dimer model, the
ground state has a total spin of Sz = S1,z + S2,z = 0.
Thus, the total z-component of the two SMMS is a con-
served quantity, which directly implies that any rotation
about this axis will leave the Hamiltonian invariant. We
must seek for a direction on the easy-axis that does not
commute with the Hamiltonian. A nontrivial rotation of
Eq.(1) about the easy z-axis can be achieved by
ˆ˜H = e−i(S1,z−S2,z)φHˆei(S1,z−S2,z)φ (27)
where φ = φ1 − φ2 is the relative angle on this axis and
Si,z |↓, ↑ 〉 ∼= (−1)is |↓, ↑ 〉. This transformation can be
physically realized in a spin-torque nano-oscillator with
a two-state macroscopic spin (nanomagnet) which is free
to rotate about its staggered easy-axis. A good example
is that of a spin-torque nano-oscillator based on a syn-
thetic antiferromagnet free layer which has been studied
numerically26. Generalizing the procedure of the previ-
ous section, the projection of Eq.(27) unto the two-qubit
spin basis gives
ˆ˜Hα =
∑
m,n=±s
| −m,m〉 ˆ˜Hmn〈n,−n |
=
∆
2
[αˆx cos(4sφ) + αˆy sin(4sφ)] (28)
In this case the argument of the trigonometric functions
can be related to the tunneling of the spins in which S1,z
changes by 2s and S2,z changes by −2s. The complete
Hamiltonian of the rotated system must include its me-
chanical motion about that axis. Thus we have
Hˆ =
~2(L1,z − L2,z)2
2I
+
∆
2
[αˆx cos(4sφ) + αˆy sin(4sφ)]
(29)
where the orbital angular momenta are Li,z = −i(d/dφi),
and I = I1,z − I2,z is the relative moment of inertia of
the system about the axis of rotation. Under a unitary
transformation with the operator Uˆ(φ) = exp(−2isφαˆz),
Eq.(29) becomes
Hˆ → Uˆ−1(φ)HˆUˆ(φ) = ~
2(L1,z − L2,z)2
2I
+
∆
2
αˆx (30)
The first term is as a consequence of mechanical motion
of the system which is being rotated. The total angular
momenta Ji,z = Li,z + Si,z is a conserved quantity. It
is crucial to note that in the original problem i.e Eq(1),
the individual components of the spins S1,z and S2,z are
not conserved. This leads to an energy splitting ∆, thus
allowing for the conservation of the individual total an-
gular momenta J1,z and J2,z. If one had included the or-
bital angular momenta in Eq.(1), then the problem is no
longer a reduced problem and the total angular momenta
J1,z and J2,z won’t be conserved. It will be interesting
to investigate the effect of this inclusion on the energy
splitting for large spins. In terms of J , Eq.(30) can be
written as
Hˆ =
~2[(J1,z − J2,z)2 + (2sαˆz)2]
2I
+
∆
2
αˆx
− ~24s(J1,z − J2,z)αˆz/2I (31)
The simultaneous eigenstate of this system is given by
| Ψj1j2〉 =
1√
2
| j1, j2〉l1,l2 ⊗ (C↑,↓ |↑, ↓ 〉+ C↓,↑ |↓, ↑ 〉)
(32)
where Ji,z | j1, j2〉 = ji | j1, j2〉. Diagonalization of this
Hamiltonian yields the corresponding eigenvalues
Ej1j2 =
∆
2
[
β
2
(
1 +
(j1 − j2)2
(2s)2
)
±
√
1 +
(j1 − j2)2
(2s)2
β2
]
(33)
with β = 2(2~s)2/(I∆). It is noted that the energy levels
are degenerate with the sign of j1− j2 for j1, j2 6= 0. The
coefficients of the wave function are found to be
C↑,↓ =
√
1 + β(j1 − j2)/
√
(2s)2 + (β(j1 − j2))2
C↓,↑ =
√
1− β(j1 − j2)/
√
(2s)2 + (β(j1 − j2))2 (34)
Now that we have obtained the wave function and its
coefficients, the expectation values of the observables αˆi
can be easily evaluated. They are given by
〈αˆx〉 =
√
1− (β(j1 − j2))
2
(2s)2 + (β(j1 − j2))2 (35)
〈αˆy〉 = 0 (36)
〈αˆz〉 = β(j1 − j2)√
(2s)2 + (β(j1 − j2))2
(37)
In Fig.(3) we have shown the plot of the average values
of the spins 〈αˆx〉 and 〈αˆz〉 as a function of the parameter
β. The average value 〈αˆx〉 decays with increasing values
of j1 − j2, only becomes zero at sufficiently large values
of j1 − j2. Notice a similar trend between the coherence
factor in Fig.(2) and the average 〈αˆx〉.
In the absence of an external magnetic field, the two
spins are aligned in an equal and opposite directions so
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FIG. 3: The expectation values of 〈αˆx〉 and 〈αˆz〉 plotted
against the parameter β. Line are labelled with the values of
j1 − j2.
that the total magnetization vanishes, however the stag-
gered magnetic moment does not vanish, which can be
computed as
µs = gµB
∑
i
(−1)i 〈Si,z〉 = − 2sβgµB(j1 − j2)√
(2s)2 + (β(j1 − j2))2
(38)
where g is the electrons g-factor and µB is the Bohr mag-
neton. In terms of the rotation angle φi, Eq.(30) can be
written as
Hˆ =
2~2
I
d2
dφ2
+
∆
2
αˆx (39)
This form of the Hamiltonian allows one to solve for the
wave function in terms of φ. By applying the unitary
transformation in Eq.(19), the wave function can be writ-
ten as
Φ±(φ) = Aeimlφ +Be−imlφ, E±ml =
2m2l ~2
I
∓ ∆
2
(40)
with the boundary condition Φ(φ + 2pi) = Φ(φ), where
ml = 0,±1,±2 · · · , is the relative quantum numbers. Let
us briefly address the question we raised in the introduc-
tion. How does a dissipative environment couple to a ro-
tating molecular dimeric nanomagnet? We reiterate the
fact that this question is yet an unsolved problem, how-
ever, since the rotation about the easy-axis leaves this
axis unchanged, a straight forward generalization of the
previous analysis gives
Hˆ =
~2[(J1,z − J2,z)2 + (2sαˆz)2]
2I
+
∆
2
αˆx
+
∑
k
kbkb
†
k − ~24s(J1,z − J2,z)αˆz/2I +
αˆz
2
∑
k
γk(bk + b
†
k)
(41)
This system involves the interaction of the total angular
momenta with the spins, and the spins with the environ-
ment. The first step in solving this problem is to find an
equivalent density matrix operator of Eq.(11) from which
other observables can be calculated. This analysis can be
done in principle.
Conclusions- In conclusion, we have investigated an
antiferromagnetically exchange-coupled dimer of single
molecule magnet which possesses a large spin tunneling.
Perturbation theory to 2sth order transforms the system
into an effective two-state system with the ground and
the first excited states being an entangled state of the
degenerate eigenstates of the free Hamiltonian with an
energy splitting between them. The nature of this Hamil-
tonian allows us to map the system onto an entangled
pseudospin 1/2 two-state system. For an antiferromag-
netically exchange-coupled dimer which is free to rotate
about the staggered easy-axis, we obtained the eigenstate
and eigenvalues of this system. The average values of the
system observables were calculated and plotted with the
parameter of the system. Finally, we briefly discussed the
environmental influence on a rotating exchange-coupled
dimer. These results can be applied to a free magnetic
dimer clusters in a cavity. It is also useful in quantum
computation using entangled two-qubit states.
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